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Abstract
In the coordinate plane consider those lattice paths whose step types consist of (1,1), (1,−1),
and perhaps one or more horizontal steps. For the set of such paths running from (0,0) to (n+ 2,0)
and remaining strictly elevated above the horizontal axis elsewhere, we define a zeroth moment
(cardinality), a first moment (essentially, the total area), and a second moment, each in terms of
the ordinates of the lattice points traced by the paths. We then establish a bijection relating these
moments to the cardinalities of sets of selected marked unrestricted paths running from (0,0) to
(n,0). Roughly, this bijection acts by cutting each elevated path into well-defined subpaths and then
pasting the subpaths together in a specified order to form an unrestricted path.
 2003 Elsevier Science (USA). All rights reserved.
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1. The paths and their moments
In the plane of lattice points, Z× Z, consider a lattice path to be a sequence of steps.
Let U := (1,1), the up-diagonal step; let D := (1,−1), the down-diagonal step; and let H
denote a fixed set of horizontal steps of integral lengths, i.e., H := {(h1,0), (h2,0), . . .}.
Given a set of permitted step types, {U,D} ∪H, let U(n) denote the set of all unrestricted
paths running from (0,0) to (n,0). Let E(n) denote the subset of those paths in U(n) that
are elevated strictly above the x-axis except initially and finally. Fig. 1 illustrates the set of
all paths in E(6) for H= {(2,0)}.
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Fig. 1. The six Schröder paths of E(6) for H= {(2,0)}.
When we allow only the steps U and D, i.e., when H is empty, the path set E(2n+ 2)
is the set of the elevated Dyck paths running from (0,0) to (2n + 2,0). The respective
cardinalities of E(2n + 2) and U(2n) are the Catalan numbers and central binomial
coefficients, which are related to one another by
∣∣E(2n+ 2)∣∣= 1
n+ 1
∣∣U(2n)∣∣= 1
n+ 1
(
2n
n
)
. (1)
We remark that the bijection of this paper will explain the ratio 1/(n+ 1), but not as the
classical cycle lemma does; see [1,2].
For a general set of horizontal steps H and for any path P , let the points
(0,p0), (1,p1), (2,p2), . . . , (x,px), . . . , (n,pn)
denote the lattice points (not just end points of steps) traced by the path. We introduce three
moments: For j = 0,1, and 2, consider the sum of the j th moments of the paths of E(n) to
be defined by
µ(n, j) :=
∑
P∈E(n)
1
n− 1
∑
0<i<n
(pi)
j . (2)
Immediately, for any H, we have |E(n)| = µ(n,0). By the elementary trapezoid rule we
have that (n−1)µ(n,1) is the total area of the regions bounded by the paths of E(n) and the
x-axis. For an example, in the case for the elevated Schröder paths in E(6), i.e, paths where
the U,D, and (2,0) are the permitted steps, one can calculate from Fig. 1 that µ(6,0)= 6,
µ(6,1)= 41/5 with a total area of 41, and µ(6,2)= 13.
In the case of the elevated Dyck path it is known that
µ(2n+ 2,0) = 1
n+ 1
(
2n
n
)
, (3)
µ(2n+ 2,1) = 4
n
2n+ 1 , (4)
µ(2n+ 2,2) =
(
2n
n
)
. (5)
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Formula (3) is equivalent to (1) and is re-proven below as Proposition 4. Formula (4) is
considered in [3,9] and will be reconsidered in Corollary 3.
In formula (5) we have the remarkable result that the sum of the paths’ average heights
squared is a central binomial coefficient. In fact, for any set of horizontal steps H, the
second moment in (2) is the cardinality of an unrestricted path set; specifically,
∑
P∈E(n+2)
1
n+ 1
∑
0<i<n+2
(pi)
j = ∣∣U(n)∣∣. (6)
One main purpose of this paper is to give a straightforward, non inductive, bijective proof
of (6). We remark that in [6] generating function methods yield (6) for paths using U , D,
and (h,0), for any fixed positive integer h. In [5,7], bijective methods explain this result
for Motzkin paths, i.e., paths using U , D, and (1,0), and for Schröder paths, i.e., paths
using U , D, and (2,0). However, in each of these three papers, both sides of (6) are seen
to satisfy the same recurrence and hence they are equal by induction.
This paper presents a uniform scheme, namely the cut and paste bijection, for
computing the three moments of elevated paths. In the next section, we will informally
introduce the domain and codomain of our main bijection. There we will consider
representing each moment defined in (2) by a collection of indexed lattice points, called
dots, lying under the paths of E(n+ 2). In Section 3, extending a method of [3], we will
define the cut and paste bijection which will relate the moments of elevated paths, now
represented by collections of dots, to sets of pointed paths, which are simply unrestricted
paths, each being marked by some lattice point lying on it. Our bijection does so by cutting
each elevated path into well-defined subpaths and then pasting them together in a specific
order to create an unrestricted path. In Section 4 we will restrict the bijection to selected
sets of dots to produce various results relating the three moments to sets of unrestricted
pointed paths. In that section we will also see how the cut and paste bijection differs from
the cycle lemma of Dvoretzky and Motzkin [2].
2. The dots and pointed paths
In this section we motivate our selection of the domain and codomain for our main
bijection. We first introduce the notion of a dot lying under a path of E(n+ 2). Given an
elevated path P , given a lattice point (x, y) lying strictly under the path P and weakly
above the x-axis, and given an integer parameter k, a dot is just a copy of a lattice point
(x, y) indexed by k. We will denote such a dot by [P, (x, y), k]. The index has a role in
our bijection; different values for k distinguish dots having the same location.
As previously mentioned, our bijection will also require the notion of a pointed path.
Given a path P , [P, (x,Px)] will denote the pointed path marked by the lattice point
(x,px) on the trace of P . Thus, each path running from (0,0) to (n,0) has n + 1
distinguishable replicas.
When there is exactly one dot at each point lying strictly under a given path, the
trapezoid rule implies that the number of dots is equal to the area of the region bounded by
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Fig. 2. The 42 dots under the elevated Dyck paths of E(6).
Fig. 3. The 42 pointed paths in PPATHS(4) marked by points of zero ordinate, which correspond to the dots of
Fig. 2.
the path and the x-axis. Thus, for example, in terms of dots, the result in (4) for the total
area under the elevated Dyck paths becomes
∣∣{[P, (x, y),0]: P ∈ E(2n+ 2), 0 < x < n+ 2, 0 y < px}∣∣= 4n.
While here the indexing, k = 0, seems arbitrary, later it will prove useful.
In Fig. 2 the two sequences ((0,0), (1,1), (2,2), (3,1), (4,2), (5,1), (6,0))and ((0,0),
(1,1), (2,2), (3,3), (4,2), (5,1), (6,0)) represent the lattice points traced by the two Dyck
paths of E(6). The collection of the 42 dots corresponds to the total area under these paths.
Moreover whenH is empty, it is well known, as seen in [3], that 4n is also the total number
of times that the paths in U(2n) intersect the x-axis. Fig. 3 illustrates the 42 pointed paths
where each distinguished point has ordinate equal to zero.
Next consider the second moment result in (6), or equivalently
∑
P∈E(n+2)
∑
0<i<n+2
(pi)
2 = (n+ 1)∣∣U(n)∣∣. (7)
The left side of this identity counts a sequence of square arrays of dots such that beneath
each lattice point (x,px) on each path P of E(n+ 2) there is a px by px array of dots. The
product on the right side of (7) corresponds to the cardinality of all possible pointed paths
U(n).
Figure 4 illustrates the case for E(6) and U(4) when H = ∅. Here U(2n) =
{UUDD,UDUD,UDDU,DUUD,DUDU,DDUU}. In the figure, the top two paths illus-
trate the 30 dots for E(6) corresponding to the left side of (7). The 30 points below represent
the pointed paths formed from the paths of U(4).
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Fig. 4. The 30 dots representing the second moment of the two elevated paths correspond to the 30 pointed paths
here superimposed on the unrestricted paths.
Fig. 5. Transforming a 3 by 3 square of dots into a triangle of dots.
Initially, as illustrated in the top row of Fig. 4, we were inclined to use configurations of
square arrays of dots for the domain of the desired bijection of the next section. However,
we find it more convenient first to transform each such square array into a triangular array
of dots and then use the configurations of triangular arrays as the domain. For example, if
(x,px)= (x,3) is a point on a path P , then such a transformation is illustrated in Fig. 5.
For a given path P and point (x,px) on P we formalize this transformation by defining
∆ :
{[
P, (x, y), k
]
: 0 y < px, 0 k < px
}
→ {[P, (x, y), k′]: −px < k′ <px, 0 y < px − |k′|}
where
∆
([
P, (x, y), k
])=
{[
P, (x, y), k
]
if 0 y < px − k,[
P, (x, y − px + k),−px + k
]
if px − k  y < px.
For example, with P = UUUDDD, x = 3, px = 3, and [x, y, k] abbreviating [P, (x, y), k],
this transformation is illustrated in Fig. 6.
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[3,2,0]
[3,1,0]
[3,0,0]
[3,2,1]
[3,1,1]
[3,0,1]
[3,2,2]
[3,1,2]
[3,0,2]
→
[3,0,−2]
[3,1,−1]
[3,0,−1]
[3,2,0]
[3,1,0]
[3,0,0]
[3,1,1]
[3,0,1] [3,0,2]
Fig. 6. An illustration of the transformation ∆.
3. The cut and paste bijection
We now define the cut and paste bijection, denoted by
φ : DOTS(n+ 2)→ PPATHS(n), (8)
for n 0. Here the domain is the collection of dots:
DOTS(n+ 2) := {[P, (x, y), k]: P ∈ E(n+ 2), 0 < x < n, −px < k < px,
0 y < px − |k|
}
.
As in the previous section, this collection consists of dots belonging to triangular arrays,
where each array corresponds to a lattice point on an elevated path. The codomain is the
collection of all pointed paths formed from the paths of U(n):
PPATHS(n) := {[P, (x,px)]: P ∈ U(n), 0 x  n},
which is clearly isomorphic to the product U(n)× {0,1, . . . , n}.
First assume k  0. Given any dot, [P, (x, y), k] ∈ DOTS(n+2), we can determine four
points on P :
– Let θ be the point on P directly above (x, y), i.e., θ = (x,px).
– Let  = (1, 2) be the nearest point on P to the left of (x, y) having ordinate equal to
px − k − 1. (Notice the role that k plays in defining the bijection.)
– Let λ= (λ1, λ2) be the nearest point on P to the left of (x, y) such that λ2 = y .
– Let ρ = (ρ1, ρ2) be the nearest point on P to right of (x, y) such that ρ2 = y .
Case 1. Suppose y = 0. Immediately λ = (0,0) and ρ = (n + 2,0). See the top path in
Fig. 7 where k = 2. Let L2 be that subpath of P running from λ to , and let R1 be that
subpath of P running from  to ρ. Here P = L2R1. Let R1 be that path obtained from R1
by deleting its first and last steps. Define
φ
([
L2R1, (x, y), k
])+ [R1L2, (x ′, k)]
where the point θ is moved along with R1 so that x ′ = x − 1 − 1. Here we make the
observation that no part of the concatenation P ′ = R1L2 lies below the x-axis on the left
of (x ′, k).
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Fig. 7. For Case 1: With k = 2, the dot [P, (12,0),2] in DOTS(30) and its image [P ′, (x′, k)] = [P ′, (4,2)] in
PPATHS(28).
Fig. 8. For Case 2: With k = 3, the dot [P, (27,3),3] in DOTS(40) and its image [P ′, (25,3)] in PPATHS(38).
Case 2. Suppose y > 0, as in the top path of Fig. 8. Immediately 0 < λ1 and ρ1 < n+ 2.
Let L1 be that subpath of P running from (0,0) to λ. Let L2 be that subpath of P running
from λ to . Let R1 be that subpath of P running from  to ρ. Let R2 be that subpath of P
running from ρ to (n+ 2,0). Here P = L1L2R1R2. Let L1R1 be that path obtained from
L1R1 by deleting its first and last steps. Define
φ
([
L1L2R1R2, (x, y), k
])= [R2L1R1L2, (x ′, k)]
where the point θ is moved along with R1 so that x ′ = x + n + λ1 + 1 − 1 − ρ1. The
factorization L1L2R1R2 is the cut and P ′ = R2L1R1L2 results from the pasting. Here we
make the observation that part of P ′ now lies below the x-axis to the left of (x ′, k).
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Observation. If k < 0, let REFL(P ′) denote the reflection of the path P ′ about the x-axis
and define
φ
([
P, (x, y), k
])= [REFL(P ′), (x ′, k)]
where P ′ is the path defined by φ([P, (x, y), |k|])= [P ′, (x ′, |k|)].
We remark that Case 1 can be merged with Case 2; however, we find that the following
verification of bijectivity is facilitated with two cases. Although we have not mentioned
the possible presence of horizontal steps, one can easily check that they do not affect the
definition of φ or its bijectivity.
To see that the map φ is indeed bijective it is sufficient to consider a candidate for its
inverse:
ψ : PPATHS(n)→ DOTS(n+ 2).
For k  0 we define ψ in two cases, each corresponding to the final observation in each
case in the definition for φ. The case for k < 0 is handled by reflection as above.
Given [P ′, (x ′, k) ∈ PPATHS(n), we can determine two points on P ′:
– Let α = (α1, α2) be the point on P ′ that is the left-most of the lowest points to the left
of (x ′, k).
– Let γ = (γ1, γ2) be the point on P ′ that is the right-most of the lowest points to the
right of (x ′, k).
Case 1. Suppose α2 = 0. Let C1 be the subpath of P ′ running from (0,0) to γ , and let C2
be the subpath of P ′ running from γ to (n,0). Define
ψ
([
C1C2, (x
′, k)
])= [C2UC1D,(x ′ + n+ 1− γ1,0), k].
Case 2. Suppose α2 < 0. Let β be the nearest point to the left of (x ′, k) having ordinate
equal to −1. Let A1 be the subpath of P ′ running from (0,0) to α. Let A2 be the subpath
of P ′ running from α to β . Let C1 be the subpath of P ′ running from β to γ . Let C2 be
the subpath of P ′ running from γ to (n,0). Then define
ψ
([
A1A2C1C2, (x
′, k)
])= [UA2C2C1DA1, (x ′ + n+ 1 − α1 − γ1,−α2), k].
4. Applying cut and paste to selected sets of dots
Here we will use the cut and paste method to obtain known results. First, without
restricting the domain and codomain of the cut and paste bijection, we will establish a
result for the second moments of elevated paths. Then, by restricting its domain we will
obtain results for the first and the zeroth moments. Recently, one author [8] has applied the
bijection to handle factorial moments of any degree and to derive the Narayana distribution
of certain elevated paths.
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Keeping the full set, DOTS(n+ 2), for the domain of φ, the use of the transformation
∆ of Section 2 followed by the use of φ immediately yields a bijective proof of (7), here
repeated as
Proposition 1. For any step set {U,D} ∪H, and for n 0,
∑
P∈E(n+2)
n+1∑
i=1
(pi)
2 = (n+ 1)∣∣U(n)∣∣.
By restricting our bijection to
φ :
{[
P, (x, y),0
]
: P ∈ E(n+ 2), 0 < x < n+ 2, 0 y < px
}
→ {[P ′, (x ′,0)]: P ′ ∈ U(n), 0 x ′  n},
i.e., with k = 0, we have a bijective proof that the total area under the paths of E(n + 2)
equals the cardinality of the intercepts of the x-axis by the paths of U(n). See Fig. 3 with
Fig. 2. More generally, we prove
Proposition 2. For k  0, n  0, and steps set {U,D} ∪H, the total area of the regions
under the paths of E(n + 2) and above the line y = k is equal to the cardinality of the
pointed paths of U(n) each marked by a point having ordinate k.
To prove this, observe that the regions being considered correspond to having exactly
one dot at each lattice point lying weakly above the line y = k. For each path P and
abscissa x , either px > k and there is a column of px − k such dots, or px  k and there
is no column of dots. Pushing the column downward in a rigid fashion until its lowest dot
hits the x-axis yields the following column of dots, where we assign the parameter k:
[
P, (x,0), k
]
,
[
P, (x,1), k
]
, . . . ,
[
P, (x,px − k − 1), k
]
.
Now, with k fixed, the proof is completed by restricting φ to
φ :
{[
P, (x, y), k
]
: P ∈ E(n+ 2), 0 < x < n+ 2, 0 y < px − k
}
→ {[P ′, (x ′, k)]: P ′ ∈ E(n), 0 x ′  n}.
Corollary 3. For the step set {U,D}, the total area of the regions under the paths of
E(n+ 2) is 4n.
Our proof for this was suggested by Louis Shapiro and appears with more detail in [3].
Consider the generating function,
∑
n0 Knz
n
, where Kn denotes the sum, over all paths
P ∈ U(n), of the number of times each P contains a point with ordinate 0. Each such point
is the final point of some subpath and is the beginning of a second subpath, where subpaths
of length zero are permitted. Hence,
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Fig. 9. The cut and pasting producing Corollary 5.
∑
n0
Knz
n =
∑
n0
∑
0kn
∣∣U(k)∣∣∣∣U(n− k)∣∣zn = (∑
n0
∣∣U(n)∣∣zn)2
=
(
1√
1 − 4z2
)2
= 1
1 − 4z2 ,
since the coefficients of 1/
√
1− 4z2 are central binomial coefficients which count
unrestricted paths. The powers of 4 can then be read from the expansion of 1/(1− 4z2).
The next restriction shows that our bijection yields the result of the classical cycle
lemma of Dvoretzky and Motzkin [2] and, hence, yields a formula for the Catalan numbers
as in Corollary 5 below.
Proposition 4. For m  1, n  0, and any step set {U,D} ∪H, let E(n,m) and U(n,m)
denote that subset of E(n) and U(n), respectively, where each path has m up-diagonal
steps. Then
(m+ 1)∣∣E(n+ 2,m+ 1)∣∣= ∣∣U(n,m)∣∣
To prove Proposition 4, place m + 1 dots on the x-axis under each path P in
E(n + 2,m+ 1) so one dot is located directly below the final point of each up-diagonal
step. (See the top row of Fig. 9.) With k = 0 and y = 0, each dot is mapped by φ under
Case 1 to a pointed path φ([P, (x,0),0])= [R1L2, (0,0)]. Considering the restriction
φ :
{[
P, (x,0),0
]
: P ∈ E(n+ 2,m+ 1), x below a final point of a U}
→ {[P ′, (0,0)]: P ′ ∈ E(n,m)},
we see that the cardinality of the domain is (m+ 1)|E(n+ 2,m+ 1)| while the cardinality
of the codomain is |U(n,m)|.
Corollary 5. If only the step types U and D are permitted, the Catalan numbers appear as
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∣∣E(2n+ 2)∣∣= 1
(n+ 1)
∣∣U(2n)∣∣= 1
(n+ 1)
(
2n
n
)
.
Corollary 6. If only the step types U,D, and (1,0) are permitted, the Motzkin numbers
appear as
∣∣E(n+ 2)∣∣ = ∑
m0
∣∣E(n+ 2,m+ 1)∣∣= ∑
m0
1
(m+ 1)
∣∣U(n,m)∣∣
=
∑
m0
n!
m!(m+ 1)!(n− 2m)! .
We conclude by noting how our proof of Proposition 4 differs from a common form
of the cycle lemma, which we state in lattice path notation as follows: Let P be any
unrestricted path running from (0,0) to (n + 1,1), consisting of m + 1 U steps and m
D steps, and beginning with a U step. Let 〈P 〉 denote the set of all cyclic permutations
of P which begin with a U step. Then there is exactly one path Q in 〈P 〉 which is strictly
above the x-axis except initially.
In essence, proofs of this lemma often start with an arbitrary path UA, with A ∈ U(n),
and then derive a unique path UB in 〈UA〉 for which UBD is an elevated path in E(n+ 2).
(The cycle lemma was introduced in [2,4]. See [1] for an interesting survey; [7] contains a
proof of the cycle lemma for Motzkin paths.)
Our proof of Proposition 4, on the other hand, starts with an elevated path UBD ∈
E(n+ 2) and then applies the cut and paste to that path at m+ 1 dots producing the paths
of the form
φ
([
UBD, (x1,0),0
])
, φ
([
UBD, (x2,0),0
])
, . . . , φ
([
UBD, (xm+1,0),0
])
in U(n). Moreover, as is easily checked, the prepended paths
Uφ
([
UBD, (x1,0),0
])
, Uφ
([
UBD, (x2,0),0
])
, . . . , Uφ
([
UBD, (xm+1,0),0
])
constitute the cyclic permutation class 〈UB〉 of paths running from (0,0) to (n+ 1,1).
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